Side chains of amino acid residues are the determining factor that distinguish proteins from other unstable chain polymers. In simple models they are often represented implicitly (e.g., by spin-states) or simplified as one atom. Here we study side chain effects using two-dimensional square lattice and three-dimensional tetrahedral lattice models, with explicitly constructed side chains formed by two atoms of different chirality and flexibility. We distinguish effects due to chirality and effects due to side chain flexibilities, since residues in proteins are L-residues, and their side chains adopt different rotameric states. For short chains, we enumerate exhaustively all possible conformations. For long chains, we sample effectively rare events such as compact conformations and obtain complete pictures of ensemble properties of conformations of these models at all compactness region. This is made possible by using sequential Monte Carlo techniques based on chain growth method. Our results show that both chirality and reduced side chain flexibility lower the folding entropy significantly for globally compact conformations, suggesting that they are important properties of residues to ensure fast folding and stable native structure. This corresponds well with our finding that natural amino acid residues have reduced effective flexibility, as evidenced by statistical analysis of rotamer libraries and side chain rotatable bonds. We further develop a method calculating the exact side-chain entropy for a given back bone structure. We show that simple rotamer counting underestimates side chain entropy significantly for both extended and near maximally compact conformations. We find that side chain entropy does not always correlate well with main chain packing. With explicit side chains, extended backbones does not have the largest side chain entropy. Among compact backbones with maximum side chain entropy, helical structures emerges as the dominating configurations. Our results suggest that side chain entropy may be an important factor contributing to the formation of alpha helices for compact conformations.
I. INTRODUCTION
Side chains of amino acid residues are the determining factor that distinguish proteins from other unstable chain polymers. Their arrangement along primary sequence dictates the native structure of proteins. Side chains are also responsible for much of the complexity of protein structure 1,2,3,4,5 . They pack tightly, but also leave space to form voids and pockets 6, 7, 8 . The effects of simplified side chain were studied in details for two dimensional square lattice and three dimensional cubic lattice models in reference 1 . Such studies of simplified models played important roles in elucidating the principles of protein folding 9 , because these models allow enumeration of all feasible conformations and calculation of exact entropy for short chain molecules. They are also amenable to detailed sampling for longer chain models. However, the effects of side chains are still not fully understood. Several studies on side chain effects rely on implicit models or assign different spin states to each monomer to mimic the internal degrees of freedom of side chains 10, 11 . It is not clear how realistic these model are without explicit side chains. In studies where side chains are modeled explicitly, they are simplified: only one atom is attached to the main chain monomer 1 . Since there is no internal degree of freedom for side chains of one atom, χ-angles and rotamirc states of side chains cannot be studied.
In this study, we introduce more realistic side chain models. We make the distinction of two different side chain effects that have not been investigated previously. We first study the chirality effects. Chirality effects at C α atom of a residue arises because the four atoms bonded with C α are different 13 . Side chain atom C β can be attached to different positions of C α relative to other atoms (C, N , and H atoms). In Nature, all amino acid residues with side chains are of the L configuration instead of the D configuration, i.e., the position of C β in relationship to C and N atoms are all in a unique chiral state. The origin of this bias is unclear and remains a puzzle in the studies of the origin of life 14, 15 . We also study the flexibility effects. Flexibility effects arise because additional atoms beyond C β can rotate around a single side chain chemical bond, regardless of the chiral state of C α 16,17 . These two effects are different: There is a large energetic barrier for change of chiral state, which often involves the breaking of a chemical bond. In contrast, rotation along a single bond is relatively easy.
We use lattice models to study the effects of both chirality and flexibility. We introduce chirality models for two-dimensional square lattice and three dimensional tetrahedral lattice polymers. To model side chain flexibility, we use explicitly side chains consisting of two atoms, which enable the modeling of rotational degree of freedom of side chains. Because this leads to significant increases of the size of conformational space, it is difficult to characterize accurately ensemble properties of compact conformations of polymers. We use the techniques of sequential Monte Carlo importance sampling and resampling to generate properly weighted samples of rare events, such as long chain conformations with maximum compactness.
We examine the distribution of all geometrically feasible conformations of self-avoiding walks on lattice with side chains of different chirality and flexibility. We focus on their packing properties and their conformational entropy. Folding into a well defined native structure is accompanied with large reduction in conformational entropy. We explore how entropy of folding is affected by chirality and flexibility, and how it relates to the compactness of chain polymers with side chains. Because the absolute number of compact conformation changes dramatically after incorporation of chirality and side chain flexibility, it is not obvious whether these factors helps or hinders protein folding. Our results indicate that chiral molecules have lower entropy of folding than achiral models. Models with less side chain flexibility also have significant lower entropy of folding than models with more flexible side chain.
Side chain entropy is important for protein folding and its estimation is the subject of several studies 1, 18, 19, 20, 21 . To calculate side chain entropy precisely for our model polymers, we introduce an algorithm for counting the exact number of side chain conformations. It is based on the observation of disconnected sets in the conflict graph of side chain correlations. In comparison, we find rotamer counting 22 significantly overestimates side chain entropy, and the difference is more pronounced in most extended as well as in protein-like near compact regions of main chain structures.
In addition, we revisit two models of protein packing, namely, the jigsaw puzzle model and the nuts and bolts model. We show that packing of chain polymers with chiral side chains included is more like nuts and bolts than jigsaw puzzles.
The results presented here are in agreement with the chiral nature of L-amino acid residues found in natural proteins and an analysis of flexibility of residues in real proteins. They suggest that both chirality and restriction in flexibility make important contributions to protein folding. Our presentation is organized as follows: We first introduce side chain models for chirality and flexibility effects in two-dimensional square lattice and threedimensional tetrahedral lattice. This is followed by a description of the parameters used in our study and the algorithm for counting side chain conformations. The results of chirality and flexibility on conformational entropy by enumeration and by sequential Monte Carlo sampling are then presented. We then compare rotamer counting and the exact method developed here for calculating side chain conformational entropy. We conclude with remarks and discussion.
II. MODELS AND METHODS
a. Lattice side chain models. For twodimensional square lattice and three-dimensional tetrahedral lattice models, a side chain consists of one or two atoms attached to each main chain monomer. There are no side chains for the two terminal monomers following reference 1 ( Figure 1 similar to carbon atoms with four chemical bonds, which is the most abundant element in proteins. Both chirality and flexibility can be modeled effectively using tetrahedral lattice. In addition, tetrahedral lattice has the advantage that real protein structures can be well approximated 23, 24 .
b. Models for chirality. A molecule that is distinct from its mirror image is a chiral molecule. The idea of "chirality" in molecule goes back to Pasteur, who observed in 1848 that crystals of tartaric acid rotated polarized light in different directions, either to the right (D for "dextro") or left (L for "levo") 25 . Here we consider chirality due to different attachments of non-identical atoms to the C α atom.
Assignment of chirality for models in planar square lattice and three dimensional tetrahedral lattice. (a) A twodimensional L-residue in square lattice. From the backbone monomer (filled circle) of residue i + 1 to the side chain atom (sci, empty circle) of residue i, then to the empty site, we turn counter clockwise. (b). A three-dimensional D residue in tetrahedral lattice. Taking the view point along the vector pointing from the backbone monomer of residue i to the empty site, the backbone atoms of residues i + 1, i − 1, and the side chain atom (sci) of residue i are arranged in a clockwise fashion.
We first introduce chirality for two-dimensional lattice model. Planar chirality arises if a twodimensional molecule and its reflection (mirror image about a line) cannot be superimposed. For a chiral residue, the placement of side chain atoms is restricted. The chirality of a residue i is determined by the relative orientation of its attached side chain atom and the preceding and succeeding main chain monomers of residues i − 1 and i + 1 (Figure 2a ). For a chiral residue i, if we start from the main chain monomer of the succeeding residue i + 1 and go through the side chain atom of residue i (sc i ) to the unoccupied site (unoccupied by the two backbone monomers of residues i−1, i+1, and side chain sc i ), the chirality of residue i is L if we turn counter clockwise, and D if we turn clockwise.
For three dimensional tetrahedral lattice, chirality of a residue can be defined realistically following that of the C α in amino acids (Figure 2b ). We take a view point along the vector pointing from the backbone monomer of i to the empty site unoccupied by backbone monomers of residues i − 1, i + 1, and side chain atom of residue i. If the backbone monomers i + 1, i − 1, and the side chain of residue i are arranged counter clockwise, the chirality of residue i is L. If they are arranged clockwise, the chirality is D. For achiral models in both square lattice and tetrahedral lattice, there is no restriction for the allowed positions for the first side chain atom and it can take any of the two available sites unoccupied by backbone monomers of i − 1, i, and i + 1-th residues.
We study both chiral molecules and achiral molecules in this work. In a chiral molecule, the first atom of all side chains follow strictly one fixed chirality (either D or L, we use D for this study). In an achiral molecule, there is no restriction and the first atom of a side chain can take any unoccupied reachable site.
c. Models for side chain flexibility. Regardless whether a residue is chiral or achiral, it is possible to have a flexible side chain if the side chain consists of two or more atoms. Because square lattice and tetrahedral lattice both have coordination number of four, there are at most three possible sites available when attaching a new side chain atom. This models well the χ 1 angels of protein side chains, as they often can be grouped into mainly three clusters: t, g + , and g − , which stand for trans, gauche positive , and gauche negative, respectively 26 . Depending on whether any of these sites are forbidden, a side chain atom in tetrahedral lattice may have 1, 2, or 3 allowed positions ( Figure 3) . In model M 1 , the second side chain atom can only be placed at one fixed position. In model M 2 , the second side chain atom can be placed at one additional possible position, and in model M 3 , the second side chain atom can be placed at any of the three possible positions. Facing the vector pointing from backbone atom i to its first side chain atom, M 1 position for the second side chain atom is located in the opposite direction to the vector connecting backbone atom i to backbone atom i + 1. M 2 model contains an additional site for the second side chain atom, which is the immediate neighbor of M 1 in counterclockwise direction. For M 3 model, the second side chain atom can occupy any of the three reachable sites.
d. Contact and Compactness. We focus on protein-like compact conformations.
Two nonbonded monomer (backbone or side chain) n i and n j are in topological contact if they are spatial neighbors. Two main chain monomers are in contact only if they are not sequential neighbor ( i = j ± 1, see arrows in Figure 1 ).
The parameter measuring compactness ρ of a conformation is defined as the ratio between its number of topological contacts and the maximum number of contact attainable for a particular sequence of given chain length 27 :
e. Entropy and excess entropy. We are interested in the effects of different models of side chain chirality and flexibility on the conformational space of chain polymers. We study only homopolymers and do not investigate the relationship between sequence and conformation.
Since homopolymers do not fold into a unique stable ground state conformation, we calculate the entropy for homopolymers to adopt conformations at a specific compactness value ρ. We define entropy S(ρ) for conformations with compactness ρ as:
where k B is the Boltzmann constant, n(ρ) is the number of conformations with compactness ρ. Similarly, side chain entropy S sc (B) is defined for a fixed backbone conformation B as:
where n sc (B) is the number of all self-avoiding side chain arrangements for the fixed backbone conformation B. The overall entropy S for all conformations is given by:
The change ∆S in the conformational entropy between folded state (F) and unfolded state (U) is given by:
For lattice models used in this study, folded state is defined as conformations with compactness ρ = ρ max ≡ 1. Unfolded states correspond to all conformations with compactness ρ < 1. We have:
Since conformations with ρ max constitute a very small proportion among all conformations: S(ρ < 1) ≈ S, we have:
where ω(ρ max ) is the fraction of maximum compact conformations. For convenience, we define folding entropy ∆S f of the maximum compact conformations as the absolute value of the above entropy change:
We define entropic change ∆S(ρ) at other compactness as:
To compare folding entropies of models with different chirality and flexibility, we follow reference 1 and define the excess entropy ES a,b for model a when compared to model b as:
where ω a (ρ max ) and ω b (ρ max ) are the fractions of maximum compact conformations for model a and model b, respectively.
f. Radius of gyration R g . Radius of gyration (R g ) is a parameter frequently used to measure the global compactness of a conformation. For a set of n atoms, R g is the root-mean-square distance of position x i ∈ R 3 of each atom i to their geometric center
For globular proteins, the value of R g fluctuates but can be predicted with reasonable accuracy from the number of residues by the relationship R g ≈ 2.2N 1/3 , which describes accurately globally compact proteins 28 .
g. Sequential Monte Carlo importance sampling. In this study, we need to estimate properties of rare events, namely, properties of conformations with maximum number of contacts ρ max , e.g., the fraction of conformations with ρ = ρ max . Estimating properties of rare events is difficult, because finding such conformations is challenging when more extended conformations dominate in the whole population of all geometrically feasible self-avoiding walks with side chains. We adopt the same sequential Monte Carlo strategy for sampling as that of a recent three dimensional off-lattice study, where thousands of polymers of length 2,000 at very high compactness values were successfully generated 29 . Sequential Monte Carlo is an effective strategy based on chain growth for sampling high dimensional space 30, 31 . The details of studying lattice models using this technique have been described elsewhere 29, 32 . It was shown previously that sequential Monte Carlo can give accurate estimation of ensemble properties of lattice conformations, as verified by comparison with results obtained from exhaustive enumeration 29, 32 .
Once a sample conformation is generated, we need to find out whether it is maximally compact. For two dimensional square lattice models, the upper bound of the number of contacts t * for polymers in which all beads (including main chain monomers and side chain atoms) are connected can be calculated. For any polymers with N beads, t * is:
where m is a positive integer 33 . It is easy to verify that this bound is tight for polymers without side chains and gives the maximum number of contact t max .
Finding the maximum number of contacts for models with side chain is more difficult, since no closed-form answers are known for various side chain models studied here. The compactness ρ is therefore difficult to calculate for long chain polymers. With the introduction of side chains, it is possible that the maximum compact conformations may not take t * as t max due to the requirement of side chain connectivity and self avoidance. For two dimensional square lattice models with side chain of size one, we find from exhaustive enumeration that there are conformations with maximum contact of t * for chains up to length N = 18 in achiral model. No conformations with t * contacts exist for chiral model. For longer chains, we generate samples of conformations using sequential Monte Carlo for length up to N = 100. We found that for achiral models, there exist sampled conformations with t * contacts at every length from 19 to 100. This suggests that it is likely that achiral models with side chain of side one have t * = t max at length N ≥ 2. It also indicates that this sampling strategy is effective and our method can give correct estimation of the maximum number of contact t max and compactness ρ for two dimensional achiral model. An example of maximum compact conformation for achiral model of length 50 on square lattice obtained using sequential Monte Carlo is shown in Figure 4 , with N = 98 and m = 9.
Verified successful results in two-dimensional models are helpful in assessing the effectiveness of sampling for three-dimensional models. Both tetrahedral lattice models and square lattice models have the same coordination number of four. In addition, conformations from chiral model is a subset of that of achiral model. We postulate that our method can give satisfactory estimation of ρ max for tetrahedral models used in this study.
h. Exact calculation of side chain entropy. Rotamer counting is a widely used method to estimate side chain entropy of residues in proteins when the backbone structure is given 22 . The idea is to count available rotameric states for each monomer independently, and estimate the total number of states by multiplication. This approach would be accurate if all possible placement of side chains at different residues are independent. The problem is that not all combinations of rotameric states for residues along the main chain are self-avoiding. Hence this method inherently overestimate conformational entropy. The extent of the over-estimation and its effect in assessing protein folding entropy is unknown.
Calculating the exact number of all valid side chain conformations for a given main chain structure is challenging, since this requires explicit enumeration of all possible spatial arrangement of side chains. Here we introduce an algorithm for counting side chain conformations based on the divide-andconquer paradigm.
For a fixed backbone structure, if the placement of side chain atoms of a residue affects the allowed positions of side-chain atoms of another residue, we say there is a conflict for side chains of these two residues. We can construct a conflict graph G = (V, E), where V is the set of residues, and E is the set of edges representing conflicts between pairs of residues. All residues in a molecule can be grouped into m individual sets, each representing a disconnected component of the conflict graph G. When two sets are disconnected, side-chain place- ment of residues in one set does not affect the placement of side-chains of residues in another set. The disconnected components in graph G can be identified using depth-first-search 34 . We can then calculate the number of different side-chain arrangement n i for each set i by enumeration. The total number N of side chain conformations of all residues is obtained by multiplication: N = m i=1 n i . A simple example is shown in Figure 5a and Figure 5b , where a graph is constructed for an extended backbone structure. The residues can be decomposed into two independent components, one formed by residues with side chains above the main chain, and another formed by residues with side chains below the main chain. We include both types of helices and their mixture when calculating helix content of a backbone conformation. Specifically, the helix content h of a backbone conformation of length N is:
where I(i) = 1 if the fragment of residues from i to i + 4 is a helix by the above definition, and I(i) = 0 otherwise.
III. RESULTS

A. Exact conformational space by enumeration
For short polymers with side chains, we obtain a complete picture of the ensemble properties of conformations by exhaustive enumeration. Table I lists the total number of conformations of different side chain models obtained from exhaustive enumeration. For longer polymers, the full conformational space cannot be enumerated, and it is necessary to use sequential Monte Carlo sampling to generate properly weighted samples from the uniform distribution of all geometrically feasible self-avoiding walks with various types of side chains. where ω(ρ) is the number of conformations found with compactness ρ.
The distributions of enumerated conformations of chiral and achiral polymers at length 16 on twodimensional square lattice and three-dimensional tetrahedral lattice are shown in Figures 7a and 7b , respectively. The distribution of conformations at length 30 estimated by sequential Monte Carlo for both square and tetrahedral lattice are shown in Figures 7c and 7d , respectively. The inserts provide details of conformations in compact region. Distributions of less compact conformations may be useful for modeling proteins in unfolded state. Results from enumeration and sampling show similar patterns. In both two and three dimensional space, chiral and achiral polymers have low average compactness when the only interaction between residues is due to excluded volume, as in good solvent. However, the distributions of conformations of these two chirality models are clearly different. Chiral models have overall more compact conformations than achiral models.
Since proteins are highly compact, we consider conformations in high compactness region, especially in the region where ρ = 1. We calculate the folding entropy ∆S f for the ensemble of conformations with TABLE I: Number of conformations of a n-polymer by enumeration for different side-chain models. Here "2Z" stands for two-dimensional square lattice, "3T" for three-dimensional cubic lattice, "c" for chiral models, "a" for achiral models, "1" and "2" for side-chain models of 1 and 2 atoms, respectively, "M1-M3" for specific models of side-chain flexibility, where the second side chain atom can have 1-3 allowed positions, respectively. Specifically, we have: 2Za1: square lattice achiral model with side chain size of one, 2Zc1: square lattice chiral model with side chain size of one, 3Ta1: tetrahedral lattice achiral model with side chain size of one, 3Tc1: tetrahedral lattice chiral model with side chain size of one, 3Tc2.M1-M3: tetrahedral lattice chiral model with side chain size of two and flexibility models of M1-M3, respectively. For chiral models, the change in entropy during folding to conformations of maximum compactness is much smaller than that of achiral models. For chiral and achiral conformations on tetrahedral lattice with side chain size 1 (3Tc1 and 3Ta1 in Table I ), the fraction of maximum compact conformations is much higher for chiral molecules (1.8 × 10 −5 ) than for achiral molecules (4.96×10 −9 ) at length 16. Chirality clearly favors compact conformations, despite the fact that the absolute number of conformations of maximum compactness is much smaller for chiral model (11 conformations) than for achiral models (144 conformations). become more pronounced as chain length increases. In square lattice the effect of chirality to excess folding entropy also increases with chain length, but the trend is not as clear as that in tetrahedral lattice.
C. Effects of side chain flexibility
Because natural amino acid residues are three dimensional chiral molecules, we describe only results on flexibility effects using chiral models on threedimensional tetrahedral lattice. A benefit from studying chiral model is that the conformational space of side chain is greatly reduced, and the folding entropy can be studied for longer polymers. We omit results on two dimensional square lattice, which are similar to that of tetrahedral lattice shown here.
l. Distribution of conformations and folding entropy. To study the effect of side chain flexibility, we first examine the exact distributions of confor- compact chains become more pronounced as chain length increases.
D. Effects of side chains: packing, entropy, and secondary structure.
n. Jigsaw puzzle or nuts and bolts? Two differing views on the effects of side chains can be summarized by the model of jigsaw puzzle and the model of nuts and bolts (Fig 12) . This comparison was studied in details in the seminal work of reference 1 , where homopolymers of side chain of size one are studied. According to the nuts and bolts model, a small expansion in the volume of compact native protein leads to a large increase in side-chain entropy. That is, side-chain entropy increases sharply as main chain becomes less packed than native state. According to the jigsaw puzzle model, a small expansion in volume does not lead to significant change in side chain entropy when the molecule is compact. In a model supporting the jigsaw puzzle mode, it is estimated that a 25% expansion in volume relative to the native core volume is required before a sudden unfreezing of core side-chain rotameric de- grees of freedom incurs a sharp increase in entropy 35 . In a model supporting the nuts and bolts model, a small expansion in volume from the compact native state produces a steep increase in side-chain rotational entropy 1 . The increase in side-chain degrees of freedom is linked to the increase in main-chain degrees of freedom 1 . In this study, the size of the side chain is 1. For real proteins, except glycine and alanine, all other amino acid residues have more than one heavy atom in their side chains. What effects do side chains of larger sizes have on side chain packing? With the method of exact computation of side chain entropy, we revisit this problem and examine the packing of chiral polymers with side chains formed by two atoms (M 3 model). Following reference 1 , we use the radius of gyration R g of backbone monomers to measure main chain packing density.
We examine the distribution of side chain entropy S sc over the full range of main chain packing density measured by R g . Exact calculation of side chain entropy for each of the exhaustively enumerated main chain conformation of length 10 shows that side chain entropy does not always correlate well with main chain packing density (Figure 13a ). Conformations with most extended main chain structures (R g = 2.2 − 2.4) are not those with maximum side chain entropy, and many compact conformations (R g ≈ 1.4) have very large side chain entropy.
We then use sequential Monte Carlo to generate longer main chain structures up to length 30, and calculate exactly the side chain entropy for each of the sampled main chain structures. We assess the correlation of side chain entropy and main chain backbone packing by calculating the average side chain entropy for conformations whose backbone R g value falls into different intervals. As shown in Figure 13b , although some of the compact main chain structures of length 30 have very small Rg, they can still have substantial side chain entropy.
On average, there is a sharp decrease in the number of side chain conformations at compact regions where main chain R g values are small for polymers of chain length N = 20. There is no plateau at compact regions with small R g value, which would be characteristic of the jigsaw puzzle model. Our study using chiral model of homopolymers with two side chain atoms therefore is consistent with the nuts and bolts model of protein packing.
o. Rotamer counting. Estimating side chain entropy is an important problem that received much attention 19, 20, 36, 37 . For example, it was proposed in ref.
37 that side-chain entropy should be used as a criterion alternative to packing density to assess protein packing. Models developed in this study allow us to calculate explicitly side-chain entropy. We compare the numbers of side chain conformations obtained by exact calculation and by estimation using rotamer counting. With sequential Monte Carlo, we can access polymers in the full range of main chain compactness, including both maximum compact backbones and fully extended backbones, as well as polymers with compactness in-between. Because each sampled conformation is properly weighted, we have thus an accurate picture of the full distribution of all feasible geometric con- formations for various side chain models. This is different from other approaches such as molecular dynamics, where one typically samples conformations around the native structure 38 .
We find that the number of side chain conformation by rotamer counting is consistently higher than the number obtained from exact enumeration (Figure 13c and 13d) . The difference between these two methods varies at different main chain compactness. Over-estimation by rotamer counting is especially large for very extended conformations. It is also pronounced near the maximum compact region. That is, there is substantial unaccounted effect of side chain correlation in reducing side chain entropy due to excluded volume for rotamer counting , and this effect is more pronounced in both extended and near maximum compact regions.
p. Side chain entropy, compactness, and secondary structures. How does side chain entropy affect the formation of secondary structures? An example of a conformation at length N = 10 from tetrahedral chiral M 3 model (two side chain atoms with three possible position for the second atom) with maximum number of possible side chain conformations is shown in Figure 14 . Since the second side chain atom in M 3 model can have three possible sites, side chain entropies of different residues may be correlated due to excluded volume effect if their side chain atoms can reach the same lattice site. The backbone structure of this particular conformation is arranged in such a way that none of the second atoms from different side chains can occupy the same lattice site. That is, in the conflict graph of this backbone, all vertices representing individual residues are disconnected, and there are N = 8 independent components in the graph. There is no correlation between side chain entropies of any residues in this backbone structure, and the total side chain entropy is simply determined by the total number of states of side chain N i=1 n i , where n i = 3 for M 3 model. It is remarkable that the spatial arrangement of this backbone structure resembles that of a helix. This suggests that the formation of helical secondary structures is strongly favored by side chain entropy for compact conforamtions.
In contrast, the most extended backbone has much smaller side chain entropy ( Figure 5 ). Although the second atom of all side chain can have three possible positions, an empty site reachable from two residues can be taken by the side chain of only one residue, and the total number of possible states for side chains is much smaller. The conflict graph of the backbone structure in Figure 5 has only two independent disconnected components, one formed by residues whose side chains are pointing up, and another formed by those whose side chains are pointing down. We found that the mean helix content for backbones with maximum side chain entropy increases rapidly as backbones become more compact. Intra-chain hydrogen bond has long been thought as the determining factor for the formation of helical secondary structures. Side chain entropy was shown as an opposing factor for helix formation by molecular dynamics simulation 39 . Results obtained here show that the combination of side chain entropy and compactness constraint lead to preference of helix formation ( Figure 15 ). Helices have been observed in polyproline molecules as small as three to five residues on the basis of vibrational and ultraviolet CD measurements 40 . Polyproline molecules cannot form intrachain hydrogen bond. Experimental results on polypeptoids also suggest that side chain entropy can lead to formation of significant helical structures 41 . For example, artificially synthesized polypeptoids lack amide protons and are incapable of forming intra-chain hydrogen bonds. However, they can form monomeric alpha helices, as evidenced by CD spectra studies of pentameric and octameric peptoids. These alpha helices display characteristics of peptide behavior such as cooperative pH-and temperature-induced unfolding in aqueous solution. Examination of the structural details of these artificially synthesized polypeptoids indicates that side chain steric interaction in extended conformations of backbone is effectively avoided in helical conformations, as shown in our model study. Excluded volume effect of side chains leads to preference of helical backbone conformations over extended backbone conformations. This consideration may be useful for rational design of foldable polymer.
IV. DISCUSSION
In this study, we have developed two and three dimensional lattice models with explicit side chains. We make the distinction between the effects due to side chain chirality and to side chain flexibility. Side chains do not readily convert between configurations of different chiralities, whereas flexible side chains with two or more atoms can easily take different rotameric states when spatially feasible. We examine specifically the effects of side chain chirality and side chain flexibility on the distribution of polymers at different compactness, and their effects on folding entropy.
We find that polymers from chiral models on average are more compact than those from achiral models. Chiral models also have significantly smaller folding entropy into compact conformations than achiral models. The excess folding entropy between achiral models and chiral models increase linearly with chain length for long chains, suggesting the effects of chirality becomes more important for long chain polymers.
We also find that models with less flexible side chains have lower entropy of folding than those with more flexible side chains. Polymers with more flexible side chains may be thought to have better chance to fit into a compact state. However, there is a large entropic cost associated with flexible side chains. The excess entropy of flexible over inflexible side chain models also increases with chain length. These findings suggest that amino acid residues in proteins need to maintain a reduced flexibility to ensure fast folding and stable native structure.
With explicit side chains, our study also confirms the conclusion of an earlier study based on simpler side chain models, namely, side chain packing is more like nuts-and-bolts rather than jigsaw puzzle, and main chain and side chain degrees of freedom are linked.
It is informative to examine the side chain flexibility of natural amino acid residues. Among the 20 amino acids, all non-polar amino acid residues either have branched side chains, or are aromatic with ring structures. On average they are rather inflexible. The total number of rotatable bonds divided by the number of side chain atoms is small (Table II). In contrast, side chains of polar or ionizable residues such as lysine and arginine have more rotatable bonds and have higher flexibilities. However, this difference can be rationalized by the observation that side chains of polar and ionizable residues often are involved in electrostatic ion pair interactions or hydrogen bonding interactions when buried in protein interior, hence they have effectively reduced flexibility. The overall flexibilities of side chains of all natural residues are therefore relatively small. This reduced flexibility may be necessary to decrease the entropy opposing folding to compact state.
Examination of patterns of side chain rotamer libraries further confirms this observation. We use a parameter f for the number of rotamers per atom defined as f = n r /n a , where n r is the number of all possible rotamers for a specific side chain type and n a is the number of heavy atoms in that side chain type. By the criterion of hydrophobicity 42 , we divide twenty amino acids into three categories: hydrophilic residues (hydrophobicity < 0.3), hydrophobic residues (hydrophobicity > 0.75), and neutral residues (0.3 ≥ hydrophobicity ≤ 0.75). According to this division, there are seven hydrophobic residue types, seven hydrophilic residue types, and six neutral residue types.
We calculate the weighted expected number of rotamers per atomf for each residue group, where the weighting factor is taken as the frequency of occurrence of the specific amino acid residue type in eukaryotic proteins (see ref. 43 ). The number of possible rotamers for each residue type is taken from reference 44 . The expectedf values are 1.10, 1.34, and 2.74 for hydrophobic, neutral, and polar amino acid residues, respectively. Polar residues have the largestf value, but they are frequently involved in electrostatic interactions and hydrogen bonding, which significantly decreases the actual flexibility of TABLE II: Side chain flexibility of naturally occurring amino acid residues. H: hydrophobic residues, P: hydrophilic or polar residues, N: neutral residues, f = Nr/Na: number of rotamers per atom. Values in parenthesis after residue names are hydrophobicity values of amino acid residues as given in 42 , and values in parenthesis after f = Nr/Na values are the relative frequency of occurrence of the corresponding amino acid residue in percentage 43 .
H Nr/Na N Nr/Na P Nr/Na F ( It is remarkable that helix emerges as preferred main chain structure for compact main chain conformations with maximum side chain entropy. Our results indicate that the correlation between side chains plays significant role in protein entropy and should be modeled more accurately. Real proteins have far more complex side chains. For example, to model a Lys residue realistically, a model of side chain of size 5 with all connecting flexibile bonds is needed. The associated side chain conformational space is much larger than the M 3 model developed in this study, and therefore is not amenable to detailed analysis. However, we believe the conclusion obtained using M 3 model that inflexible side chain reduces folding entropy remains valid if longer and more flexible side chain model is used. In real proteins, there are many residues whose side chains have flexibility comparable to that of M 3 model (e.g., His, Phe, Tyr, Val, Ser, Cys, if we regard the inflexible part of their side chains as one side chain bead in the M 3 model). For these residues with reduced side chain flexibility, we find that side chain entropy promotes the formation of helix for compact main chain conformations.
Estimating side chain entropy is an important and difficult task for modeling protein structure and protein stability. With explicit side chain models on three dimensional tetrahedral lattice, we have developed an algorithm that calculates the exact side chain entropy of tetrahedral lattice models for any given main chain structures of moderate length.
With current implementation, it works well up to chain length of 30. We compare results of side chain entropy calculated by rotamer counting and by the exact method developed here. For longer chain polymers (e.g., N = 30), we found rotamer counting method can give significantly over-estimated side chain entropy. For example, the average difference between the two methods for models of length N = 30 is larger for extended main chain structures (R g > 6.5) and near compact main chain structures (R g = 2.7 − 2.9, Figure 13d ).
The method for exact calculation of side chain entropy given a backbone structure can be generalized. For longer chains, each disconnected component in the conflict graph could contain too many residues such that enumeration becomes infeasible. It is possible to further develop an algorithm using the same divide-and-conquer approach, where the large independent component is decomposed further into two roughly equal size disconnected components by removing a small number of edges in the conflict graph. As an illustration, the larger independent component in Figure 5 formed by monomer 1, 3, 5, and 7 can be decomposed into two small disconnected components by cutting the edge between vertices 4 and 6, which corresponds to the shared position (labeled as "a"). The two smaller components can then be enumerated separately, and side chains of residues connected by the cut edges can also be enumerated individually. These enumeration will provide an exact value for the total possible side chain arrangements of the original larger independent component. When a disconnected components contain a large number of residues, an optimal decomposition becomes difficult. This is related to the graph par-tition problem. Although finding an optimal solution to this problem is known to be an NP-complete problem 45 , there are many effective approximation and heuristic algorithms that are applicable for obtaining a good decomposition.
Side chains in natural amino acid residues are chiral, and proteins are better characterized using chiral models. Chiral models developed in this study will be useful for exploration of other properties of proteins, where side chains play important roles. Achiral models introduced here may also be useful to study other polymers with transient chirality on backbone 46 , or branched polymers such as peptoids, in which the chirality on nitrogen atom is unstable and the side chain can easily convert between opposite configuration 41 .
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